We present a simplified molecular model of mesogenic dimers consisting of two identical uniaxial mesogenic cores separated by a fixed-length spacer and allowed to assume only two, statistically equivalent, conformations which are non-planar and of opposite handedness. In the mean-field approximation, with additive interactions among the mesogenic cores, the model yields up to three positionally disordered phases, one isotropic and two nematic. The low temperature nematic phase (N X ) has a local two-fold symmetry axis which is also a direction of molecular polar ordering and is tightly twisted about a macroscopic phase axis. The onset of polar ordering generates spontaneous chiral symmetry breaking, manifested primarily by the twisting of the polar director and the formation of chiral domains of opposite handedness. Within these domains the statistical balance between the two enantiomer conformations is shifted and the principal axes of the ordering tensors of the molecular segments twist at constant tilt angles with the helix axis.
Introduction.
Neat LC compounds which form more than one nematic phase [1] [2] [3] [4] [5] are exceptional and bring new insights and challenges to our understanding of the "simplest of all LC phases". A fascinating example is provided by certain types of symmetric liquid crystalline dimers (bimesogens, for short) with odd carbon-number alkyl spacers 6 exhibiting, in addition to the conventional uniaxial nematic phase, a low temperature nematic, termed as Nx 2, [7] [8] [9] [10] [11] [12] [13] . The latter shows characteristic periodic stripe patterns and rope textures in thin films 2 and an electro-optical response typically found in chiral systems, though the molecules are nonchiral [14] [15] [16] [17] . The chiral nature of this phase has been confirmed NMR studies 13, 18, 19 .
Recently, the structure of the Nx phase has received much attention 16, [20] [21] [22] [23] [24] and, despite the intense investigation, it is still debated. It has often been argued that the Nx should be identified with the theoretically predicted 25 twist-bend nematic phase, N TB , which emerges from the instability of the uniaxial nematic phase to spontaneous bend deformations. 9 To date, the analysis and attempted interpretation of a considerable volume of experimental observations has been mostly based on the identification of the bimesogen Nx phase as N TB . [7] [8] [9] [10] 24 However, none of these observations can be considered as direct proof nor does it exclude other possible phase structures. Moreover, the N TB interpretation appears to be in conflict with more recent experimental results. 8, [11] [12] [13] In this work we present a concrete alternative structural model for the Nx phase, starting from the molecular symmetries and interactions. The molecules are modelled as pairs of uniaxial rods which are rigidly connected in a way that permits only intramolecular rotations which generate distinct conformations, thus capturing minimally the key features of the prototypical symmetric CB-Cn-CB dimer molecules. We demonstrate that, within a certain range of the molecular parameters of the model, a phase transition from a uniaxial achiral nematic phase to a lower temperature nematic phase of locally polar and chiral order is obtained. Based on these results we propose a detailed picture for the molecular organization of the N X phase which accounts for the occurrence of this phase in some types of dimers and not in others and provides a consistent interpretation for the known experimental results on the structure and the macroscopic properties of the N X phase.
A toy-model of nematic bimesogens.
For the symmetric dimer molecule with identical rod-like mesogenic cores we adopt the simplified geometry of figure 1. The directions of the mesogenic rods are denoted by the unit vectors L ,  L . The "spacer" vector, connecting the midpoints of the mesogenic rods, is denoted by d  d z and defines the direction of the molecular z -axis. The mesogenic cores form a fixed angle  (the molecular "bend" angle) with the spacer vector and the molecule has a twofold symmetry axis perpendicular to z , lets identify it with the molecular y axis. The z axis is also an axis of reflection-rotation by an angle  (the molecular "torsion" angle) which has fixed magnitude but can assume opposite signs     , thus restricting the possible conformations of the dimer molecule to just two.
These are mutual enantiomers and will be denoted by a conformation index 1 s   . The conformations are taken to have intrinsically equal weights, thus rendering the molecule statistically achiral. Keeping the formulation of the intermolecular interactions at an analogous level of simplicity, a pair of molecules, 1 and 2, is assumed to interact via pair a potential 1,2 V that is made up additively of terms involving only the four intermolecular pairs of mesogenic core segments in the two dimers:
, where 1, 2 R is the intermolecular vector, connecting the origins of the molecular frames of dimers 1 and 2, in conformations 1 2 , s s , and orientations 1 2 ,   of their respective molecular frames in the macroscopic frame of axes , , X Y Z . The core-core potentials
points of the core segments and on the unit vectors 1 2 , L L specifying the directions of these segments in the macroscopic frame.
The assumed molecular symmetry can lead to three types of positionally disordered fluid phases, to which we hereafter restrict our attention. These are the isotropic fluid phase (I), the uniaxial nematic phase (N) and a nematic phase with possible transverse polar ordering, and therefore locally biaxial arrangement of the molecules. The latter phase, which will be tentatively termed as N X , could in principle present chiral ordering as well, due to the existence of chiral molecular conformations, and to the overall bent molecular shape . In any case, this phase should present at least a local two-fold symmetry axis associated with the two-fold symmetry of both conformations accessible to the constituent molecules.
Accordingly, there is one phase director, denoted by the unit vector m , which is a local twofold symmetry axis of the N X phase, thus defining the only possible direction of polar molecular ordering in the phase. Of course, being a director of the phase, m is a principal axis of any tensor quantity in that phase. As the free energy calculations show below, the thermodynamically most stable spatial configuration of the m director is a helical twisting of constant pitch h p about a fixed axis perpendicular to m . This helix axis, which is an effective full rotational symmetry axis for any physical property of the phase that is averaged over regions of macroscopic dimensions much larger than the helical pitch, will be denoted by the unit vector h n . In the conventional uniaxial nematc phase, N, h n reduces to the usual director n , the unique, inversion invariant (   n n), full rotational symmetry axis of the phase. To complete the set of local phase axes for the description the N X phase, we define a third unit vector h l , perpendicular to m and h n . With this identification of local phase axes, the simultaneous sign reversal    
, ,
n l is a symmetry operation of the phase, while the sign reversal   m m is not necessarily a symmetry operation, thus allowing for the description of transversely polar phases. Obviously, these local symmetries are compatible with a twist of the two-fold (and possibly polar) axis m about the helix axis h n . Furthermore, the spontaneous breaking of orientational symmetry which distinguishes the N X phase from N, dictates that the broken symmetries of the N phase will be preserved globally in the less symmetric N X phase. Accordingly, full rotational symmetry about an axis and inversion of that axis should be present as global Obviously, the uniformly aligned (untwisted) biaxial, and possibly polar, nematic phase is included as in this description and corresponds to a vanishing value k.
In the N X phase, the entire molecule has an orientation-conformation probability ( To describe phase stability and transitions among the possible positionally uniform phases of the system, we formulate the free energy starting from the average interaction (the 
Here To proceed with the determination of the potential of mean torque, we follow closely the Maier-Saupe (M-S) approach, 28, 29 with the crucial difference that here the positional and orientational averaging is not done independently among the mesogenic units, as in the M-S model of nematics, but among permanently jointed pairs of such units, forming the individual dimer molecules. Accordingly, we make the drastically simplifying approximation of using for each of the four segment-segment terms in 1,2 V a factorized form in which the dependence on the relative orientations is separated from the dependence on the relative distance of the segments 28, 29 , that is 
To carry out the integrations in the above expression we introduce the Fourier
and we use the relations
and
where the molecular vector 1 L r  connects the molecular centre of molecule 1 with the centre of the segment 1 L and is therefore equal to
We then obtain from eq(3), on adding the contributions from the four possible intermolecular mesogenic pairs, the following expression for the potential of mean torque of the dimer molecule in the N X phase:
with the angular brackets denoting ensemble average of any conformation /orientation
and with the following analytic expressions for the orientation-conformation dependent molecular quantities i W , 
and 
In these expressions, the dimensionless inverse pitch is defined as
overall strength parameter appearing in the potential of mean torque is given by
and the relative strength parameters of the first and second "twist harmonic" contributions in eq (7) are 1
normalized orientation-conformation distribution function is expressed in terms of the potential of mean torque as
, and the respective free energy of the ensemble
The three composite order parameters Results on the relative thermodynamic stability of these phases and on the respective phase transitions are presented in the next section. It should be kept in mind that these results refer to unperturbed macroscopic monodomain ensembles at fixed density and temperature.
Phase transition and order parameter calculations.
Here we restrict our consideration to a range of the molecular angles α (the "torsion" angle) and  (the "bend" angle) that are relevant to the molecular architecture of the odd-spacer mesogenic dimers. Obviously, for very small bend angles the behaviour of the system tends to that of typical uniaxial rod nematics while for bend angles near π/2 and torsions either close to 0 οr to / 2  , the behavior tends to that of plate-like nematics. Accordingly we will 
which conveys in a very simple form the main physical features of the interactions.
Calculations with different forms indicate that the qualitative inferences of the model do not depend critically on the details of the functional form used for ( ) u q  .
We now turn to the dependence of the possible phase sequences and respective transition temperatures on the molecular bend and twist angles  and  . The temperature dependence of the potential of mean torque in eq (7) is controlled by the strength parameter  , which also controls the temperature dependence of the composite order parameters 
measuring the extent of alignment of the mesogenic units along the helix axis h n , the order
, measuring the local biaxiality of the mesogenic core orientational ordering, and the respective local eccentricity parameter The transition from the isotropic, I, to the uniaxial nematic phase, N, shows the typical features of the usual, weakly first order, N-I transition. Regarding the transition from the uniaxial nematic N to the N X phase, it is apparent from the temperature profiles in figure 4 , that below the transition temperature all the parameters grow continuously starting from their values in the N phase but with a change in the slope. Notably, the order parameter h S grows slower, with decreasing temperature, than the extrapolated nematic phase order parameter S , a trend that has been observed experimentally in several studies 8, 13, 18, 19 . Also, the biaxiality parameter h  remains very small in absolute value (<0.02) throughout the N X temperature range, and appears to undergo a change of sign with decreasing temperature.
The eccentricity parameter h  acquires substantial magnitude with decreasing temperature in the N X phase, indicating substantial deviation of the principal axes of the mesogenic unit ordering tensor from the , h h n l directions. We shall return to this point in section 4.4.
Interestingly, the calculated conformational shift, quantified by the induced molecular chirality parameter c, remains rather small. In sharp contrast, the polar order parameter P is large and, unlike h S , does not show saturation tendency with decreasing temperature.
Finally, the dimensionless inverse pitch It is important to note that polar ordering is not necessarily generated by electric dipole interactions, as the model molecules are not endowed with permanent dipole moments (despite the fact that the prototype CB-C9-CB dimers in figure 1a have strong terminal dipole moments along the mesogenic unit axis). The polarity in this model originates from the shape of the molecules, which are formed by connecting intrinsically non polar segments into a polar structure. This structure is also statistically achiral, which implies the onset of twisting via a spontaneous symmetry breaking mechanism. The statistical achirality of the individual molecules renders both senses of twisting (corresponding to here and the discussion will be restricted to the monoclinic local symmetry and twisting of the polar director at right angles to the helix axis.
The direct I-N X transition.
As illustrated in the phase diagrams of figure 3 , the combination of large molecular bend angles  with relatively small torsion angles  tend to destabilize the uniaxial nematic phase, thus giving rise to direct transitions from the isotropic to the N X phase. This is a first order transition, with the order parameters The present model relates the condition of appearance of the direct I-N X transition to the molecular structural features. Of course, the possibility of this transition being, under the same conditions, pre-empted by a transition to a smectic or crystal phase, cannot be dismissed within the present model, which is restricted to positionally disordered phases only. In any case, the observation of the direct I-N X transition stresses the nature of N X as a thermodynamically distinct nematic phase, in contrast to its interpretation as structural deformation of the N phase resulting from an anomaly of its elastic constants. It should also be noted that the spontaneous twisting of the polar director m found here is a defining feature of the N X phase and not merely one of the possible textures that can be exhibited by a biaxial phase. 
Manifestations of the N X molecular ordering.
The model implies strongly polar and chiral molecular ordering in the N X phase, with tight twisting of the polar direction m . Due to this twisting, the polar ordering is averaged out over distances of a few nanometers, and this makes it difficult to directly identify its effects by the conventional electrical/optical methods. On the other hand, the same twisting is associated with the chirality of the molecular order. This has direct manifestations through the periodic stripe patterns 2 , the chiral electro-optic response [14] [15] [16] [17] and, notably, the NMR spectra of site-labelled bimesogens 13, 18, 19 , because such spectra can provide direct quantitative information on the anisotropically averaged interactions of a molecule with its environment. Specifically, a chiral environment causes the doubling of certain spectral lines which would collapse into a single line in a non-chiral environment. 
for the helical axis h n oriented parallel (
 to the spectrometer magnetic field. According to the second expression,
on the Z coordinate and therefore the spectrum obtained from the entire sample should be a superposition of spectral lines from different parts of the sample along the helix axis, yielding a broadened spectral line-shape. However, as the value biaxiality order parameter h  is persistently found to be two orders of magnitude smaller than h S , the model predicts that, to within 1-2%, the frequencies
of the "π/2 flipped" spectra are Z-independent and equal to half the aligned spectrum frequencies
. This is precisely the experimental result reported for CB-C9-CB. 13 As the above NMR method cannot provide direct information on the polar ordering of the N X phase, we briefly discuss electrical and optical methods in the context of polar ordering investigation. For electrically polar mesogenic units the polar ordering would give rise to a strong spontaneous electric polarisation which couples linearly to an applied electric field.
However, due again to the tight twisting of the spontaneous polarization vector, rather high field strengths would be required to produce appreciable electro-optic effects. Specifically, with the helical pitch being two orders of magnitude below optical wavelengths, a uniformly aligned N X sample will appear optically uniaxial, with the optical axis coinciding with the helix axis h Z n  . Applying an electric field in the transverse direction, the helical structure is deformed and this shifts the effective optical axis away from the Z axis. In addition to the direct linear coupling with the spontaneous polarization, contributions to the distortion of the helical structure are possible from the usual bilinear dielectric coupling and from the flexoelectric coupling, in analogy with the distortion of the helix in conventional chiral nematics 33 . The distortions are estimated to be rather small and, in general, it is not straightforward to sort out the contributions from the different couplings.
30
Lastly, the birefringence associated with effective optical uniaxiality of the N X phase is observed experimentally to decrease with decreasing temperature and, for certain dimer compounds, in the low temperature range of the N phase as well. 7 This apparently anomalous temperature dependence of the birefringence seems to follow in some dimer compounds the temperature dependence of the order parameter ( ) L h S across the N-N X transition 7 or to show a steeper decrease in others. 8 The latter case could be due to a change in the values of the effective molecular polarizability components as a result of the substantially different averaging of the intermolecular interactions in the N and N X phases, thus reflecting, albeit indirectly, the effects of the strongly polar ordering. Thus, altogether, the conventional optical and electro-optical experimental observations do not seem to provide direct information into the polar ordering of the molecules in the N X phase.
Apparent similarities and important differences from the nematic twist-bend model.
The considerable values of the eccentricity parameter ( ) L h  indicate that the helix axis h n is not the axis of maximal alignment of the mesogenic segments ,  L L . In other words, it is not a principal axis of their ordering tensor. To determine the principal axis frame of this tensor for a given value of the Z coordinate, i.e. on a given plane perpendicular to the helix axis, we note that the director m , being a symmetry axis, is necessarily one of the three principal axes. The other two, denoted by
, are obtained by diagonalizing the ordering matrix through a rotation of the , h h n l axes by an angle
. The temperature dependence of the principal order
, obtained as the major eigenvalue of the ordering matrix, together with the respective biaxiality order parameter in the principal axis frame
and the rotation angle 
axes is a symmetry axis, as the ordering about either of them is highly polar (obviously, the order parameter P   y m remains invariant under the rotation about m) and therefore, unlike m, they cannot be termed "directors". The resemblance is only superficial because, unlike the nematic director n , the principal axis ( ) L n  is not a symmetry axis, global or local. Nevertheless, to pursue this resemblance a bit further, we disregard for the moment the fact that ( ) L n  and ( ) L l  are not directors and define for these principal axes the analogue of a "bend vector", as
We also define the tilt pseudovector of these axes as
 and the analogues of the "twist pseudoscalar", 
which relate the bend vectors and the twist pseudoscalars of the present model, the ratios of piezoelectric to flexoelectric coefficients are segmentindependent and equal to the twist pseudoscalar of the phase, i.e.
e e e e t k        , which merely expresses the appearance of the bend as a combined result of the primary twisting of the m director and the tilting of the respective principal axis, both of which originate from the transverse polar ordering along the local 2 C axis. Stated briefly, the twisting and bending of the various principal axes (
that can be defined for segmental ordering tensors, and the associated heliconical configurations, fall out naturally from the model as by-products of the onset of polar ordering along the local 2 C axis. The bending vectors, tilts, and twists are in general segment-dependent and, as such, they are not unique characteristics of the order deformations in the N X phase. However, they all derive from the fundamental deformation of the phase, which is the pure twisting (no bend) of the director m .
In contrast to the above picture, the twist-bend deformation of the director n constitutes, according to the N TB model, the fundamental distinguishing feature of the phase, and is a consequence of the destabilisation of the uniaxial nematic phase as the bend elastic constant tends to vanishing or even negative values. 25 Polar ordering is not involved in this mechanism, and seems to have been completely ignored in the original development of the N TB model, 25 although a weak local polarity is necessarily present as a result of the bend deformation of n . To become applicable to the low temperature nematic phase of bimesogens, the original N TB model has been modified and extended in some ways. For one, a spontaneous twist-bend resulting from instabilities associated with the elastic constants would be expected to be of much larger, and strongly temperature dependent, pitch than actually observed for bimesogen systems. A recent attempt 21 to reconcile the original N TB model with such observations, and to introduce polar ordering, starts out with symmetric rigid bent-core molecules and a locally uniaxial and apolar mean field whose director n is pre-deformed in a heliconical configuration. The pitch and conical angle of this configuration are determined by requiring the pre-deformed n to align optimally with both arms of the bend molecule. The bend vector of the so imposed deformation becomes an axis of polar ordering and, of course, the pitch of the imposed helical deformation comes out to be of a few molecular lengths and to be essentially temperature independent. Not surprisingly, the bend elastic constant is found to decrease with decreasing temperature.
Obviously this modelling moves in the reverse direction from our fully molecular formulation, wherein the tilted twisting emerges simply through the diagonalisation of an ordering tensor in an intrinsically polar and twisted medium, as opposed to being a forced deformation of an ad-hoc director field on which all the symmetry and ordering properties of the phase are then built. Moreover, as shown above, the heliconical configuration of some entity which is not endowed with the symmetry properties the nematic director n , does not necessarily imply a twist-bend deformation. A further, well-known, example is the heliconical configuration in the chiral SmC*, which has the same symmetry, albeit in a layered structure and with much larger pitch than the bimesogen N X phase, but is of course not termed a "twist-bend" phase.
Regarding 
where S stands for the order parameter of the mesogenic segments in the frame of nematic director n, and 0  is the constant tilt angle of the heliconical twist-bend deformation of n.
While the left hand expression is the equivalent to of the respective eq. (12), the expression for the "π/2-flipped" spectra is completely different form the one in eq. (12) and implies substantial variation of the spectra with the position Z along the helix, therefore broadened line-shapes, in sharp contrast with the measurement. 13 To remedy this discrepancy of the N TB interpretation, it has been claimed 19 that the translational diffusion of the dimer molecules is fast enough (within the chiral domains but not across them) to average out the Z dependence in eq. (14) . Of course, no assumption of such selectively fast diffusion is necessary for the interpretation of the spectra according to eq(12).
Conclusions.
Based on a simplified molecular model of flexible achiral mesogenic dimers and on standard statistical mechanics approximations for the formulation of the free energy in nematics, we have developed a fully molecular theory for the low temperature nematic phase, N X , exhibited by certain odd-spacer dimer liquid crystals.
The transition from the uniaxial nematic N to the N X phase is found to be driven by the onset of transverse polar ordering of the molecules, dictated by the packing of their intrinsically polar shapes. The N X phase has local monoclinc symmetry, with its single director m defining the direction of polar ordering. The spontaneous symmetry breaking of phase apolarity results in the helical twisting of the director m about a perpendicular direction of macroscopically full rotational symmetry. The pitch of the twisting is a few molecular lengths and both senses of twisting are thermodynamically equivalent, allowing for the formation of domains of opposite chirality.
The local biaxiality of the phase and the chiral shifting of the molecular conformations are found to be rather small. The combination of the pure twist of the director m with the monoclinic local symmetry is shown to produce a tilted-twisted (heliconical) configuration of the principal axes of the ordering tensors of the molecular segments and, more generally, of any tensor property. The pitch of the heliconical configurations is determined by the pitch of the pure twist of the director, m , whilst the conical angle is not unique and varies with the molecular segment or tensor property considered. This is contrasted with the twistbend model, N TB , picture wherein the director itself assumes a heliconical configuration, which is therefore common to all molecular segments and tensor properties.
The results of the molecular theory are found to account successfully for key experimental observations on the N X phase, to call into question the proposal that the N-N X transition is driven by a negative bend elastic constant and to provide consistent interpretations on certain controversial points regarding the N X phase structure, symmetries and molecular ordering.
